CANONICAL HEIGHTS FOR RANDOM ITERATIONS IN CERTAIN 

VARIETIES 



SHU KAWAGUCHI 

Abstract. We show the existence of canonical heights (normaUzed heights) of subvarieties 
for bounded sequences of niorphisms and give some apphcations. 



Introduction 

Theory of heights of points (or subvarieties in general) is a basic tool in Diophantine 
geometry. Particular heights that enjoy nice properties, called "canonical heights" or "nor- 
malized heights," are sometimes of great use as are Neron-Tate heights on abelian varieties 
(see, for example, Hindry-Silverman [TT| Part B, Part F.2]). On the other hand, dynamics 
of sequences of polynomial mappings (random iterations) in over C have been studied 
in Russakovskii-Sodin and Fornaess-Weickert [HI among others. In particular, in P 
invariant currents that transform well relative to such sequences and their average have been 
considered. 

In this paper, we show the existence of heights of subvarieties that transform well relative to 
"bounded" sequences of such morphisms and give some applications. Although our interest 
mainly lies in morphisms of of degree greater than or equal to 2, our results also hold in 
the setting of Call-Silverman j7j and Zhang [20]: Namely, let X be a projective variety over 
a number field K and L a line bundle on X, and we consider morphisms f : X ^ X such 
that f*L ^ L'^'^f for some integer df > 2. 

Let / = (/j)^i be a sequence of morphisms such that fi'.X^X satisfies f*L ~ L®'^-''* 
for some integer df^ > 2 for each i, and we consider the iterations by /: 

X ^ X ^ X ^ ^ ^ 

Let /iL be a height function on X{K) corresponding to L. Then we know c(/j) : = 



-j-hLifiix)) — Hl^x) < +00 for each i. We say that a sequence / is bounded 

if c(/) := supj>i c(/j) < +00. Notice that, although we use to define boundedness, the 
property that / is bounded is independent of the choice of height functions corresponding 
to L. Let S be the shift map which sends / = (/j)^i to S{f) := (/j+i)^]^. See ^for more 
details. 

After reviewing some basic facts on heights in ^ we show the following theorem in ^ 

Theorem A (cf. Theorem 12. 3^ . There is a unique way to attach to each bounded sequence 
f = (/j)i^i 0. height function h^ j : X{K) M such that 
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hLj{x) - hL{x] 



^ < 2c(/); 

(ii) hL,sif) ° fi = dh hhj- 
The function h^ j is independent of the choice of height functions h^ corresponding L. 

Moreover, if L is ample, then h^j is non-negative, and h^ jlx) = if and only if x is 
f-preperiodic. {Here a point x G X{K) is said to be f -preperiodic if the forward orbit of x 
under f, i.e., Oj{x) := {x, /2(/i(a;)), /3(/2(/i(a;))), •■■} is finite.) 

We call h^ f a canonical height function {normalized height function) for f . 

Note that, for a single morphism /, i.e., when /i = /2 = ■■■(=/), a canonical height 
function for / is constructed in [7j and [201 • remark that some conditions (such as 
"boundedness" ) on / are necessary to ensure the existence of height functions that behave 
well relative to /. Indeed, dropping the assumption of boundedness, there is not in general 
a way to attach to each sequence / = a height function Hlj such that (i) h^j = 

hi + 0(1) and (ii) h^ sif) ° /i = dfi hij (cf. Example 12. 5|) . 

Iterations by finitely many morphisms as follows give examples of bounded sequences: 
Let gi, . . . , gk '■ X X he morphisms such that g*L ~ L^'^^j for some integer dg^ > 2 
for j = 1, . . . , k. We set J := {1, . . . , A;} and W := UZi J- ^ = K)*=i ^ we set 
fw — i.9wi)'iLi- Then is a bounded sequence. As an immediate consequence of Theorem 1X1 
we get the following corollary due to Masseron §2.9]. 

Corollary B (|13; see also Corollarv 12 .4f 1 V2) ) . Assume L is ample. Then for any positive 
integer D, the set 



X e X{K) 



[K{x) ■.K]<D, 
X is f ^-preperiodic for some w (zW 

is finite. 

In ^ noting that averaging of currents over a space with a suitable probability measure 
and topology is studied in P , we consider averaging of canonical height functions h^j^ where 
w runs over W . By p!^, Theorem 1.2], there is a unique height function h^^^gj^^^^^^g^} on X{K) 
with the following two properties: (i) /iL,{gi,...,gj.} = hL + 0{l); and (ii) Ei=i hL,{gu-,9k}° 9^ = 
(dgr + ■ ■ ■ + dgj Hl^ 

Then we have the following proposition. 

Proposition C (cf. Proposition 13.11) . We give J the discrete topology, and let v be the 

measure on J that assigns mass ^ +'!.^.j^d ^ ^ ^ ■ '■~ Ili^i ^ product measure 

on W. Then we have, for all x G X{K), /;.L,{c/i,...,gfc}(a;) = J-^y hLj^{x)dfi{w). 

In ^ we consider canonical heights of subvarieties of Xj^ for / = {fi)'^i, as in [20] for a 
single morphism /. We show in Theorem 14.21 that, assuming some bounded conditions on 
/, there exist a height hijiY) of any subvariety Y of X-j^ that behaves well relative to / as 
in Theorem ^ (However, the statement on preperiodicity in Theorem ^ is changed to the 
following: If {y, /i(F), /2(/i(F)), ■ ■ ■ } is a finite set, then hLj{Y) = 0.) In ^ we give 
another construction of canonical heights of subvarieties by using adelic sequences. 
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In ^ we consider a local theory in the setting of pUl §2]. Let X a projective variety 
over an algebraically closed valuation field K^, and L a line bundle on X. Let || ■ || be a 
continuous and bounded metric on L. We consider a pair / := (/, if) such that f : X X 
is a morphism over K^^ and : L'^'^f — >■ f*L for some integer df > 2. Then we will show 
in Theorem 16 . II that . assuming some boundedness conditions on / = {fi)°li, there exists a 

bounded and continuous metric || ■ on L satisfying v^i/iH ■ |Il5(7) — II ' ll/j' where 5* is 
the shift map. We call || ■ ||^ j the admissible metric for /. 

Suppose that = C, X = and L = Oj,n{1) is equipped with the Fubini-Study metric 
II ■ \\fs in the above setting. Let Jj be the smallest closed set on P^(C) such that on its 
complement the family {/i, /20/1, fsof^^fi, ■ ■ ■ } is normal. As constructed in 0, one has 
the Green current Tj on P^(C), whose support coincides with Jj f Proposition 16. 3p . Then, as 

noted in ^3 Proposition 3.3.1] for a single morphism /, we find Ci(Opjv(l), || • Wo ~^J^ 
where the left-hand side is the first Chern current of (9piv(l) with the admissible metric 

II ■ llopiv{i),7 (Proposition El- 

Finally, on P^, we show equidistribution of small points for random iterations as follows. 
Let be a number field, and we fix an embedding C so that we regard ¥^{K) as a 

subset of P^(C). Let / = ((/j, v^j))^i be a sequence of i^-morphisms on P^ satisfying some 
boundedness conditions (see |J7j). Let /^©^^(i),/ : ^'^{K) ^ R be the canonical height function 
for / = {fi)°Zi, and Tj the Green current for / on P^(C). For a point x G P^(i^), we denote 
the Galois orbit of x by G{x) := {g{x) \ g G Gal{K/K)}. Then we have the following 
theorem. 

Theorem D (cf. Theorem 17. 5p . Let (xj)'^^ be a sequence of distinct points in F^{K) such 
that lim^^+oo /ic)pi(i),/(a;j) = 0. Then w-limj^+00 T^yeG{x,) = T-j- {Here 5y denotes 

the Dirac measure of mass 1 supported in y.) 

In PH], Szpiro-UUmo-Zhang proved equidistribution of small points on abelian varieties, 
and ever since much progress has been seen around this subject. On P^, equidistribution 
of small points will follow from Autissier ^ Proposition 4.1.4 and Remarque in Introduc- 
tion]. Baker-Hsia [2] explicitly stated and proved equidistribution of small points on P^ for 
polynomial maps / over global fields satisfying the product formula. See also Chamber-Loir 
[H], Baker-Rumely |3] and Favre-Rivera-Letelier [S] for equidistribution of small points on 
P^ over archimedean and non-archimedean fields. Our proof of Theorem O uses Arakelov 
geometry. Somewhat different ingredients are that we use an estimate of analytic torsions 
of Bismut-Vasserot |3] and Vojta and that we use only intersections of C°° hermitian 
line bundles (i.e., not using L^-intersection theory), in hoping that this might be useful to 
consider a higher dimensional case (cf. Ouestion l7.2p . 

Acknowledgment. My deep thanks are due to Professor Laurent Denis. Indeed, this paper 
is motivated by e-mail from him in October, 2004. He kindly gave me valuable comments 
and suggestions, and informed me of Dr. Masseron's work ^^I- I would also like to thank 
Professors Atsushi Moriwaki and Joseph Silverman for valuable comments. 
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1. Preliminaries 

In this section, we briefly review some basic facts on lieiglits of closed points and subvari- 
eties. 

Let : P^(Q) M be the logarithmic naive height function: For a number field K and 
X = {xq : ■ ■ ■ : xj\f) G F^{K), hnv{x) is given by 



[K: 



max{log ||xi||p} + ^ max{log |(T(xi)|} 

PGSpcc{Oa')\{0} a-.K'-^C 

where Ok is the ring of integers of K and ||a;j||p = ^^{Ok/ P)^°'^'^^''^^^ ■ 

We will need the following two theorems on height functions. For details of height func- 
tions, we refer to [TTj . 

Theorem 1.1 (Weil's height machine, Theorem B.3.2). There is a way to attach to any 
projective variety X over Q and any line bundle L on X a function 

hx,L ■■ X{Q) ^ R 

with the following three properties: 

(i) hx,L(g,M = hx,L + hx,M + 0(1) for any line bundles L and M on X; {Here 0(1) 
denotes a bounded function on X 



(ii) //X = and L = Op^(l), then hpM^o,r,{i) = /^n. + 0(1); 

(iii) If f : Y X IS a morphism of projective varieties and L is a line bundle on X, then 

hYJ*L = hx,L0f + 0{l). 

Moreover, height functions hx,L o^^e determined up to 0(1) by the above three properties. 

We say that hx,L is a height function (or a Weil height function) corresponding to L. We 
often write hi for hx,L when X is clear from the context. 

Theorem 1.2 (^1] Theorem B.2.3, Theorem B.3.2). Assume L is ample. Let hx,L be a 
height function corresponding to L. 

(1) {Northcott's finiteness theorem) For any real number c and positive integer D, the 
set 

{x G X(Q) I [Q(x) : Q] < Z^, hxA^) < 4 

is finite. 

(2) (positivity) There is a constant c' such that hx,L{x) > d for all x G X(Q). 

Next we recall some properties of heights of subvarieties. We refer to ^H] for details of 
arithmetic intersection theory, and to [5^ for details of heights of subvarieties. 

Let K he a, number field, and Ok its ring of integers. Let X be a projective variety over 
K., and L a line bundle on X. We say that (A', C) is a C°° model of (X, L) if A* is a projective 
arithmetic variety over Ok (i-e., an integral scheme projective and fiat over Spec(Ox)) that 
extends X and if £ is a C°° hermitian Q-line bundle on X that extends L. Here C is called 
a hermitian Q-line bundle if £ is a pair (£, {|| ■ \\a}a) such that £ is a Q-line bundle on 
X and II ■ llo-'s are 0°° hermitian metrics on C ^k-^ C for the embeddings a : K ^ C which 
are invariant under complex conjugation. 

In the rest of this section, we assume L is ample. We fix a (7°° model (A", C) of (X, L). 
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Let F be a subvariety of X^. Take a finite extension field K' of K such that Y is defined 
over K' . Let Ok' be the ring of integers of K' , and p : X ^spec(OK) Spec(0^^) X the 
natural morphism. Let y be the Zariski closure of y in A* Xspec(OK) Spec(O^). Then the 
height of Y with respect to (Af, £) is defined by 

\dimy+l\ 



h 



{X,C) 



deg{ci{p*C\ 



I ■ dim Y 

\y 



[K' : Q](dimF + l)deg(L| 

Theorem 1.3 Proposition 3.2.2). Let {Xi, Ci) and (X2, £2) be two C°° models of (X, L), 
where we assume L is ample. Then there exists a constant C such that for any subvariety Y 
of Xj^, one has 



< c. 



2. Canonical height functions 

As in let be a number field, X a projective variety over K, and L a line bundle on 
X. We fix a height function : X{K) M corresponding to L. 

Let H. be the set of all morphisms f : X X over K such that f*{L) ^ L^'^f for some 
integer df > 2. For / e 7i, we set 

c(/) := sup_ ^hL{f{x)) -hiix) 

Since j-Z^l o f — is a. bounded function on X{K) by Theorem II. ir iii). we see that c(/) < 
+00. 

Let / = be a sequence with fi & H for i > 1. The set of all such sequences is 

denoted by Hi^i / ^ Ili^i set 

c(/) := supc(/i) G MU {+00}. 

■t>i 

When c(/) < +00, we say that / is a bounded sequence. 

Suppose h']^ be another height function corresponding to L. Then there is a constant c 
such that sup^gjf^;^-) Ihiix) 



h'x^{x)\ < c, and thus 



sup 



-h'^{f{x)) - h',{x] 



-^hL{f{x))-hL{x) 

df 



+ ( ^ + 1 ) c < c(/) + 2c. 



< sup 

x£X(K) 

This shows that the property that / is bounded is independent of the choice of height 
functions corresponding to L. 

Let B be the set of all bounded sequences in Hi^i For any nonnegative number c, we 
define the subset Be of B by 

Be := {/ = {f^)Zl e i3 I C(/) < C}. 

Let 5 : n,^i^ ^ Ei^ be the s/iz/t map which sends / = {fi)^^ G nr=i^ to : = 
£ rii^i'^- Since c{S{f)) < c(/), 5* maps i3 into B, and i3c into Be for any c. 

For / = G rii^i ^ ^ ^ ^(-^)! consider iterated points by / with the initial 

point x: 

X ^ fiix) ^ /2(/i(a;)) ^ /3(/2(/i(x))) ^ • • • . 



6 SHU KAWAGUCHI 

The set {x, fi{x), f2{fi{x)), f3{f2{fi{x))), • • • } is called the forward orbit of x under /, 
and is denoted by 0^[x). A point x G X{K) is said to be f -pre/periodic if 0^{x) is a finite 
set. Note that, when f i = f 2 = ■■■{= f) , the forward orbit under / is just the forward orbit 
under / in the usual sense, and an /-preperiodic point is just a usual /-preperiodic point. 

Example 2.1. We consider iterations by a finite number of morphisms gi, . . . , gk E Ti. We 
set J := {l,...,k} and W := UZi J- For w = {w,)Zi e W, we set = (^^J^i- Put 
c := max{c(5fi), . . .,c{gk)}. Then {f,^ \weW}cBc. 

Example 2.2. We give some concrete examples. Let K = X = and L = Opiv(l). 
For a fixed height function, we take the naive height function hnv ■ P^(Q) — > M. 

(1) For each m > 2, let : — > P-^ be the morphism of degree dgi^ = m defined by 

g'^{xo : ■ ■ ■ : xn) = {x^^ : ■ ■ ■ : x"^). 

Then c{g!^) = 0. Thus any sequence / = {fi)^i such that, for each i, there is rrii 
with fi — g'^. belongs to Bq. 

(2) For each m > 2, let : P^ — > P-^ be the morphism of degree dg>^ — m defined by 

Then it is easy to see c(gi^) < log 2. Thus any sequence / = (/Oi^i such that, for 
each i, there is with fi — g'^. belongs to iBiog2- 

Theorem 2.3. Let X he a projective variety over a number field K, and L a line bundle on 
X. Let liL '■ X[K) — > M 6e a height function corresponding to L. 

(1) There is a unique way to attach to each bounded sequence f — {fi)iZi & B a height 
function 

hLj :X(K)^R 

such that 



11) suPxex(i?) 



hLj{x)-hL{x) <2c(/); 
(ii) hL,s{f)ofi = df, hLj. 

Moreover, h^j is independent of the choice of height functions Hl corresponding to 
L. 

(2) Assume L is ample. Then hij satisfies the following properties: 
(in) hL.f{:x) > for all x G X(K); 
(iv) hLj{x) = if and only if x is f -preperiodic. 

We call hL,f a canonical height function {normalized height function) for f . 

Proof. (1) We first construct hij for f E B. By the definition of c(/), we have for any i 

1 



sup 
xex(K) 



, hiifiix)) - hL{x) 



<c(/) (<+oo). 



For i = we set /iq ^l, and for i > 1 we set 



hi := ^ hi o fio fi_^o ■ ■ ■ o /i. 

lla=l dfc 
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Claim 2.3.1. For x G X{K), {hi{x)}°^Q is a Cauchy sequence. 



Indeed, we have 



\hi+i{x) - hi{x)\ 



riLi du 



-hiifi o ■ ■ ■ o f^{x)) 



d 



-hL{fi+i{fi o ■ ■ ■ o /i(x))) - hiifi o ■ • ■ o 



^ ^ c(/) 

Thus we get the claim. We define Hl j to be 



(2.1) 



hLjix) := lim hi{x) = lim — ^ —hiifi 



(2.2) 



Let us check that hLj{x) satisfies the conditions (i) and (ii). Since 

c(/) 



\K{x) - hj^{x)\ < J2 K+i{x) - h4x)\ < 5^ < 2c(/), 



a=Q 



we obtain (i) by letting i to the infinity. 

Since hL,s{f)iy) = linii^oo tt^^ /^/.(/i+i ° fi ° ■ ■ ■ ° f2{y)), substituting y = fi{x) gives 

1 



hL,s(f)ifi{x)) = lim 



-hL{fi+i o /i o ■ ■ ■ o /2 o fi{x)) 



= dfi 7^1+1— —/iL(/i+i o /i o ■ ■ ■ o /2 o /i(a;)) = dfJiLjix). 

Thus we get (ii). 

To show the uniqueness of {/^Ljj/eB; suppose {/i^_/-}/GB are functions satisfying (i) and 
(ii). By (ii), we have 



sup 

xex(K) 



< — sup 

dfl x€X(K) 

< ■ ■■ < 



h'L,sif)ix) - hL,sif)ix) 



sup 



< 



4c(^H/)) 



riLi du 

by letting i to the 



nL=i df^ x(iX(K) 

Since c{S^{f)) < c(/), we obtain svLp^f^x(K) ^'l fi^) ~ ^L,f{x) 
infinity, whence hij = h'^^. 

Since the difference of two height functions corresponding to L is bounded on X(ir), it 
follows from ()2.1|) that hij is independent of the choice of height functions hL. 

(2) Now assuming L is ample, let us see (iii) and (iv). Since hi is bounded below by 
Theorem Oi;2), we get (iii) by (EH). 
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Next we show (iv). Suppose hij^x) = 0. Take a finite extension field K' of K sucli that 
X is defined over K'. Then for any i > 1, /i o ■ • ■ o fi{x) is also defined over K'. We set 

T:={yE X{K') \ h^iy) < 2c(/)}. 

We claim that the forward orbit 0^{x) is contained in T. Indeed, since hL,f{x) = and 

^Ljix) — hL^x) < 2c{f ), we see x e T. For i > 1, we have 



''L,Si{f){fi 



It follows from 



(2.3) 



hL,sHf)if^ ° ■ ■ ■ ° - ^^(/^ ° ■ ■ ■ ° < 2c(5X/)) < 2c(/) 

that hi^fiO ■ ■ ■ o < 2c(/). Thus we get the claim. Since T is a finite set by Northcott's 

finiteness theorem f Theorem II. 2|) . so is 0^{x). In other words, x is /-preperiodic. 

Finally we will show that x is /-preperiodic then hijix) = 0. To see this, suppose 
hLj{x) = a > 0. Then 



h 



L,S'(f)ifi 



o ■ ■ ■ o 



+ 00 



\a=l 



□ 



We remark that 



as i tends to the infinity. Thus by ()2.Hj) . Oj{x) cannot be finite. 

The following corollary is an immediate consequence of Theorem 
Corollary 12312) is due to Masseron jlSj §2.9]. 

Corollary 2.4. Assume L is ample. 

(1) Let c be a nonnegative number, and D a positive integer. Then the set 

[_J {x E X{K) I [K{x) : K] < D, X is f -preperiodic^ 
feBc 

is finite. 

(2) Let gi, . . . ,gk be elements of H. As in Example we set W := Hi^ill) • ■ • > 
and = {gwi)iZi for w = (wj)^i G W . Then for any positive integer D, the set 

[K{x) ■.K]<D, 

X is f ^-preperiodic for some w E W 



X e X{K) 



is finite. 

Proof. By Theorem 12.31 we obtain for f E B, 

[K{x) ■.K]<D, 
X is /-preperiodic 



X e X{K) 



X e X{K) 



Since sup^g^(;^) 



[K{x) ■.K]<D, 
hLj{x) = 

hLj{x) — hiix) < 2c(/) < 2c, we find that the above set is a subset of 
{x e X(K) I [K{x) ■.K]<D, hiix) < 2c}. 



CANONICAL HEIGHTS FOR RANDOM ITERATIONS 



9 



This set is finite by Northcott's finiteness theorem fTheorem II .21) . and is independent 
of / G Be- Thus we get the assertion (1). Since {/^ | w G W} is contained in Be with 
c := max{c(5'i), . . . , c{gk)}, the assertion (2) follows from (1). □ 

Example 2.5. By dropping the assumption of boundedness in Theorem 12 .31 one can ask the 
following question: Is there a way to attach to each sequence / G Ili^i ^ ^ height function 

hij : X{K) M such that (i) Hlj = hi + 0(1) and (ii) hL,s(f) ° fi = dfi hij'^- 

The following example shows that this is not possible in general, and thus some conditions 

(such as "boundedness" ) on / are necessary to ensure the existence of height functions that 

behave well relative to /. 
We define inductively: 

Fi(x) = x{x — 1), 

Fi{x)=x{x-Fi^io...oFi{i)) {i>2). 



We define : ^ by 



/i((xo : xi)) = [xl: Fi(—]xl 



Then fi is defined over Q and dj^ = 2 for any i > 1. We put = (1 : z) G P"'^(Q) for i > 0. 
Then /«(po) = Po for any a > 1, and fi o o ■ ■ ■ o /^(pj) = p^. 

Suppose there exists a height function ho^-^(i)j '■ P^(Q) IR satisfying (i) ho^^(i)j = 
+ 0(1) and (ii) ho^i(i),s-{f) ° fi = '^o^^(i),s^-^{f) for « > 1- Then by (ii), 

ho^iWjiPi) = ^ho^i{i),S'{f){fi o /i-i o • • . o /i(pi)) 

= ^^Opi(l),S'(/)(Po) = ^^Opi(l),5'(/)(/i o o ■ ■ ■ o /i(po)) = ^Opi(l),/(Po) 

for any i > 1. Thus the set T := {x E P^(Q) | ^c'pi(i),/(a;) = ^c'pi(i),/(Po)} is an infinite set. 
This contradicts (i), as /^©^^(i),/ does not satisfy Northcott's finiteness property. 

We also give two remarks on possible extentions of Theorem 12.31 

Remark 2.6. We replace an (integral) line bundle L by an M-line bundle, and integers df. 
by real numbers. We fix a positive real number e > 0. Let X be a projective variety over 
a number field K, and L an M-line bundle on X. We consider sequences / = (/i)^i, where 
/j : X — > X is a morphism such that fi{L) ~ L'^'^ft for some real number df- > (l + e). Then, 
with the same definition of boundedness, the corresponding statements to Theorem 12 . 31 hold. 
Note that the property of Theorem 12.31 (l)(i) is replaced by 

(i)' sup^g^(7^) hLj{x) - hL{x) <{l + \) c{f). 

Remark 2.7. We replace a number field K by Q. Let X be a projective variety over Q, and 
L a line bundle on X. We consider sequences / = (/i)^i, where fi'.X—^Xisa morphism 
over Q such that f*{L) ~ L'^'^^i for some integer df^ > 2. Then, with the same definition 
of boundedness, the corresponding statements to Theorem I2.3f 1) and (2)(i) hold. However, 
the corresponding statement to Theorem I2.3r 2) (ii) does not hold, and must be replaced by 
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(iv)' hLj{x) = if X is /-preperiodic. 

To see that the "only if part of (iv)' fails in general, we give an example as follows. Let 
Pi,P2, ... be distinct prime numbers. Let Q be a Pi-th primitive root of unity for each i. We 
set X = and L = Opi_{l), and consider the logarithmic naive height function hnv We 

define /. : ^ by : Xi)) = {Qxl : xj). Then 

hnv ifiiixo : Xi))) = {iCixl ■■ xD) = 2hnv ((xo : Xi)) . 

This shows that / = (/i)^i is bounded, and hij = hnv Now we take Xq = (1 : 1). On one 
hand, /il,/(xo) = hnv{xo) = 0. On the other hand, since /j o ■ ■ ■ o /i(xo) = (OC-i ' ' 'CT '■ l); 
Oy'(xo) is an infinite set. Thus the "only if part of (iv)' fails in this example. 

3. Averaging of canonical height functions 

Let X be a projective variety over a number field K, and L a line bundle on X. As in 
Example Em let gi, . . . ,gk be elements of H, and we set J := {1, . . . , k}, W := Hi^i ^.nd 
fw = {9wi)iZi for w = (wj)^! G W. Let h^j^^ be the canonical height function for 

In this section, noting that averaging of currents over a space with a suitable probability 
measure and topology is studied in [2], we would like to consider averaging of hij^ over W. 

First we recall [13 Theorem 1.2]. Since g*L ~ L®'^^^, we have g^L (g) ■ ■ ■ glL ~ 
/,®(<^siH i-'^sfc). Thus {X; gi, . . . , gk) becomes a particular case of what we call a dynami- 
cal eigensystem for L of degree dg^^ + ■ ■ ■ + dg^. Then we have the canonical height function 

for (A; gi, . . . , g^) characterized by the following two properties: (i) hL,{gi,...,g^} = hL + 0(1); 
and (ii) Ei=i^L,{gi,...,9fe} ° 9j = (dg^ + ■■■ + dgj hL,{g„...,g^}- 

Proposition 3.1. We give J the discrete topology, and let v he the measure on J that assigns 
iTT'O'SS ^ _^ "^^^ to j G J . Let fi := YliLi ^ ^^e product measure on W . Then we have, for 
allxe X(K), 

hL,{g,,...,gk}{x) = / hfjx)dfi{w). 

Jw 

Proof. As in Example 12. H we set c := max{c((7i), . . . , c{gk)}. For w = {wi)°Zi ^ ^ 
X G X{K), we put 

hi{x,w) := —. hLig^,, o ■ ■ ■og^^{x)). 

llo=l dg^^ 

By ()2.H) . limj^oo ^j(2^5 "U^) = ^lj^^x). By ()2.2|) . |/;,j(x,w)| < 2c + |/;.l(x)|. Then, if we fix 
X, {/ij(x, w)}^]^ is a sequence of integral functions on W bounded by 2c + |/il(x)|. The 
Lebesgue convergence theorem implies 



(3.1) / hLj^{x)diJ,{w) = Mm / hi{x,w)diJ,{w). 

Jw Jw 

We set h'{x) := /^^^^ hLj^{x)dn{w). We will show that as a function on X{K), h' satisfies 

the properties (i) and (ii) of /iL.igi,...,^^} 
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Since 



w 



hijjx) - hL{x)) dfi{w) 



h\x) - hiix) < 
we get (i). To show (ii), we note the following equality: 



< 2c, 



hi{x, w)dfi{w) 



w 

k 

= E 

Wl,...,Wi = l 

Then we have 



-dfi{w) 



Y[a = l ^9nia 



n 



= 1 



9wo 



dg^ + ■ ■ ■ + dg^. 



„S = 1 idg,+... + dgJ 



y2h\gj{x)) = lim V / hi{gj{x),w)d^i{w) 



lim > > 



j = l Wl,...,Wi = l 



(dg^ H \-d. 



lim((ig, H h (igj / hi+i{x,w)dfi{w) = {dg^ H h dgjh'{x). 



w 



Thus we get (ii). By the uniqueness of hL,{g^,...,g,.}, we get the assertion. 



□ 



Remark 3.2. As in Remark 1], it is possible to consider other index sets J with suitable 
probability measures and topologies. 

4. Canonical heights of subvarieties, I 

As in ^ let be a number field, Ok its ring of integers, X a projective variety over K, 
and L a hne bundle on X. We assume L is ample. We fix a C°° model {X, C) of (X, L). 

Let / be an element of Ti, that is, / : X — X is a morphism over K such that f*{L) ^ L^'^f 
for some integer dj > 2. Since we assume L is ample, / is finite. 

Lemma 4.1. There exists a constant c such that, for any subvariety Y of X^, one has 



1 



< c. 



Proof. Let Xi be the normalization of the morphism X — ^ X A", and f : Xi ^ X 
the induced morphism. Then (A*!, /*(£)) is a C°° model of (X, L'^'^-f). By Theorem 11.31 
there exists a constant c' such that, for any subvariety Y of X-j^, 



<c'. 



On the other hand, by the projection formula, we have h^-^^ ]*(c))0^) — ^{x,c)ifO^))- Since 



h 



df^{Y) = dfh^x;c)0^)i obtain the assertion with c = 



□ 
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For / G 7Y, we set 



c(/) := sup 



^h^x;c)UiY))-\xX)^Y) 



where Y runs the set of all subvarieties of Xj^. For / = {fi)°Zi G fli^i set 

c(/) :=supc(/i) gRU{+oo}. 



i>l 



We define B := {f = {fi)Zi e HSi ^ I c(/) < +00}. Note that, by virtue of Theorem Ol 
the property that / belongs to B is independent of the choice of C°° models {X, C) of (X, L). 

Theorem 4.2. Let X a projective variety over a number field K , and L an ample line bundle 
onX. Let{X,X) be a model of {X, L) . 

(1) There is a unique way to attach to each sequence f = {fi)^i G B 

hi J '■ {subvariety of Xj^} — > M 
with the following properties: 
(i) For any subvariety Y of X^, one has hijiY) — h^^;^^-^{Y) < 2c{f); 

{u)hL,S{f)°fl = dfJlL,f. _ 

(2) Moreover, Hl j is independent of the choice of C°° models {X , C) of{X,L), and 
satisfies the following properties: 

(iii) hijiY) > for any subvariety Y of X-j^] 

(iv) // {r, /2(/i(r)), ■ ■ ■ }is a finite set, then hLj{Y) = 0; 

(v) If Y is a closed point, then hLj(Y) coincides with the one constructed in Theo- 



rem 



We call hijiY) a canonical height {normalized height) ofY for f . 

Proof. Since we can prove Theorem 14 .2^ 1) just as in Theorem 12 ■3[ we only sketch a proof 
here. To construct hijiY), we put 

1 



(4.1) 



hiY) :-- 



K{Y)- 



Then {hi{Y)}Z 

Q is a Cauchy sequence, which allows one to define h^jiY) — limj_>oo 
One can check that Hlj satisfies (i) and (ii), and is unique. 

We will show (2). By virtue of Theorem 11.31 it follows ()4.H) that hij is independent 
of the choice of C°° models of (X, L). We take a C°° model {X,C) of {X,L) such that 



C is ample, Ci(Lo-) is semipositive on Xo-(C) for each a : K 



and is 



generated by {s G | ||s||sup < 1} (cf. Lemma 1.3]). Then, for any i > 1, 

hi{Y) > for this model. Then we get (iii) by letting i to the infinity. The finiteness of 

{F,A(r),/2(/i(r)),---} implies that of {/.(;,,s)(y), V.^)(/i(r)), V.^)(/2(/i(i^))), ■■■}. 

By (i) and (ii), we have 



dj, . ■■dfMAY) - h^^^-^^if, 0...0 f,{Y)) < 2c{S\f)) < 2c{f) 
for any i > 1. Thus we get (iv). By ()4.1j) . we get (v). 



□ 
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5. Canonical heights for subvarieties, II 

In this section, we give another construction of a canonical height of subvarieties, using 
the adehc intersection theory in Zhang [201 • This construction will be used in ^ 

Let X he a. projective arithmetic variety and C = {C,{\\ ■ \\cr}cr) a C°° hermitian Q-line 
bundle. Following §1], we say that C is ne/ if ci(£ ®k'^ C) is semipositive on A'o-(C) 
for all embeddings a : K ^ C, and deg(£|p) > for all one-dimensional integral closed 
subschemes F of A". We say that C is Q- effective if there is a positive integer n and a non-zero 
section s G such that ||s||^,sup < 1 for all a : fsT C. We write £ ^ if £ is 

Q-effective. Moreover, if f/ is a non-empty Zariski open set of X with div(s) ^ X \ U, then 
we write C '^u 0. For two C°° hermitian Q-line bundles C and Ai on X, we write C Ai 

(resp. CtuM)ifC(^ J^~' t (resp. £ ® A?®"' tu 0). 

In the rest of this section, let X be a projective variety over a number field K, and L an 
ample line bundle on X. 

Following §1] and [HI §3.1], we define an adehc sequence of C°° models. We also 
define a bounded sequence of C°° models. 

Definition 5.1. A sequence of C°° models {(A'j, Ci)}°Zo (^) called an adelic sequence 
(resp. a bounded sequence) if it satisfies the following properties: 

(i) Ci is nef for all i; 

(ii) There is a non-empty Zariski open set U C Spec(0/^) such that = Xj\jj (which 
we denote by Xjj) and Ci\jj = Cj\^ in Pic{Xu) Q for aU i and j; The open set U 
is called a common base; 

(iii) For each there are a projective arithmetic variety Xij Spec^Ox), birational 
morphisms /i*^- : Xij —>■ Xi and yU^^ : Xi j —>■ Xj, and a nef C°° hermitian Q-line 
bundle Dij on Spec (Ox) such that 

and that deg(Djj) ^ as i,j +oo (resp. deg(Djj) is bounded with respect to 
hj)- 

Let {{Xi, £j)}J^Q be an adelic sequence (resp. bounded sequence) of C°° models of {X, L). 
Let (yf : y — > X is a finite morphism of projective varieties over K. Suppose, for each n, 
we are given a morphism Qi : yi ^ Xi of projective arithmetic varieties over Spec(Ox) that 
extends g : Y X such that yi\jj = yj\u and gi\jj = gj\jj for all i and j. As mentioned 
in [T3J p. 41] we can then see that {{yi, g* {Ci))}'^^^ is an adehc sequence (resp. bounded 
sequence) of C°° models of (Y,g*{L)). 

One has the following theorem (||20, Theorem (1.4)] and ^1 Proposition 4.1.1]). 

Theorem 5.2 ([20], dH). Let {{Xi,C^^^)}^Q be adelic sequences of models of{X,L) 
for n = 1,2, . . . , dimX + 1. Then the arithmetic intersection number 

converges as i tends to +oo. 
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For i = 1, 2, . . ., let /j : X — i> X be a morphism over K with f*{L) ~ L'^'^-f* for some 
integer df. > 2. Since we assume L is ample, every /j is finite. We say that a sequence 
/ = is adelically bounded if there are a C°° model {X, C) of (X, L) such that C is nef, 

and a non-empty Zariski open set U C Spec(Ox) with the following properties: 

(i) fi'.X^X extend to fm '■ Xjj — > Xu for each i, where Xjj = 

f'u ' — ' 

(ii) Let Zi be the normalization of Xu Xu X\ We write for the induced 

morphism /j : — > A", and set ATj = /* ; We also put Zq = X and ATq = £; 

Then {(Z^AT,)}- Q is a bounded sequence with the common base U . 

For example, it is easy to see that an iteration by a finite number of morphisms gi, . . . ,gk 
in Example 12.11 gives an adelically bounded sequence. 

Let us make an adelic sequence of C°° models from an adelically bounded sequence. 

Proposition 5.3. Let f = {fi)^i be adelically bounded, and {X, C) and U in the definition 
of an adelically bounded sequence. Let Xi be the normalization of 

-w flU -w f2U fiU -w -w 

A-if > A-u > ■ ■ ■ > A.U '■ — > A. . 



We write Fi for the induced morphism Fi : X^ ^ X , and set d = F* (£) '^fi""^fi , We also 
put Xq = X and Cq = C Then {{Xi, £j)}^Q is an adelic sequence. 

Proof. Let {{Zi,77i)}Zo be the bounded sequence of C°° models and fi : Z^ X the 
morphisms in the definition of an adelically bounded sequence. 

Step. 1: We compare {Xi,Ci) with (Afj+i, Since Zj+i is the normalization of 

f lU 

we see that A'j+i is the normalization of 

A.U > > ■ ■ ■ > A-u ^ A+1- 

We write Gi : A^+i Zi^i for the induced morphism. Since Fj+i and /j+i o d are both 
morphisms form A'j+i to X and coincides over U , we get Fj+i = /j+i o d. Then 



(5.1) A+i = i^Vi(£) =(G,)*(/,+i)*(£) = {G,y g^^) 'h-'f^. 

Since {{Zi, J\fi)}°2^Q is a bounded sequence, there are a projective arithmetic variety Wj+i 
Spec(0/^), birational morphisms /ij+i : Wj+i ^ Zq = X and z/j+i : Wj+i and a nef 

C°° hermitian Q-line bundle -Dj+i on Spec(0/^) such that 

(5.2) 7r;^,(A;7''"') ^^:+^{^fo) ® i^UJfti) (f/) <i(a;7) 



and that there is a constant C such that < deg(Dj+i) < C for all i. 

'^'i 1 

There is a projective arithmetic variety W,'_,_i ^— >■ Spec(OA'), birational morphisms : 
W'i^i — >■ and u'i^i : Wj'_,_i — A^+i that are the identity map over U, and a morphism 
Hi : W-_,_i ^ Wi+i that extends fiu o ■ ■ ■ o /j^. Indeed, let Wl'^i be the normalization of 

Xu Xjj ■ ■ ■ Xjj ^ Wj+i, and we may take yV'i_^_i as the Zariski closure of Xu 
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diagonally embedded in Xi Xspec(OK) ^I'+i ^Spcc{Ok) ^i+i- Thus we get the following diagram: 



— Zq — X 



m+1 



Since o ^u^^^ and yUj+i o Hi are both morphisms from VVj'_,_i to A^o and coincide over U, we 
get Fj o = o Hi. Similarly Gi o i^.^^-,^ = z/,;_|_i o i/j. By we have 



Then by (15. 2^ we get 
(5.3) 



Step. 2: For i > j > 0, we compare {Xi, Ci) with (AfjjiZj). We take a projective 
arithmetic variety W Spec(Oi^) such that, for each a = . . . ,j, there is a birational 
morphism Pq, : W ^ that is the identity map over U. Indeed, we may take W as the 
Zariski closure of Xu diagonally embedded in W-+i Xspec{Ox) ^1+2 Xspec{OK) " " " Xspec{Ox) ^j- 
For a = i + 1, . . . , j , we define the birational morphism : W ^ A'a by 



L5 • • • 5 



0-1 = f^'j ° Pi = '^i-i ° Pi-1, 'ti = ° Pi- 
Here yu'a+i o pa+i = z/^ o p„ for a = z + 1, . . . , j — 1 because /^a+i o pa+i and z/^ o are the 
identity map over U whence over SpeclOx)- 

In what follows, we write the group structure of the Picard group additively. By ()5.3p . we 
have 



1 



Since - = Ei=; - C+i(^.+i)), we get 



1 



df, ■ ■ ■ di 



a+l) 



i-1 



1 



i-i 



dfi - ■■ df 



(if, ■ ■ ■ df 



-vr*p„+i). 



Since < deg(Z)a+i) < C* for all a, we have ^^Ji , 

/l fa 

+00. Thus {(A'j, £j)}^Q is an adelic sequence. 



deg{Da+i) ^ as i,j tends to 



□ 
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To give another construction of canonical heights for subvarieties, we need the following 
proposition Proposition 2.1 and its proof]). 

Proposition 5.4 ([14J). Let (Xi,Ci) and C2) he two C°° models of {X,L) such that 
Ci and £2 o^^e nef. Assume that there are a non-empty Zariski open set U C Spec(OA'), 
a projective arithmetic variety A3 Spec(Ox); hirational morphisms jii : ^ Xi and 
fi2 '■ X3 X2, and a nef C°° hermitian Q-line bundle D on Spec(Oi^), such that 



Let Y be a subvariety of X^, which is defined over a finite extension field K' of K . Let y 
be the Zariski closure of X^ Xspec(OK) Spec(O^). Let p : X^ >^spcc(Ok) Spec(O^) X3 be the 
natural morphism. Then 



deg ci ( (fXiopY^Ci) 



y 



■dimy+l 



deg ci ({n2opy{C2 



■dim Y+1 



< [K' : ir](dimr + l)deg(L 



dim 
Y ) 



deg(D). 



Proposition 5.5. Let f = {fi)°Zi be adelically bounded, and {{Xi, £j)}^Q the adelic sequence 
of C°° models in Proposition \5.'A Then for any subvariety Y of X^, we have 

(5.4) hLj{Y)=\imh^^-^^^{Y). 

Moreover, the convergence is uniform with respect to Y . 

Proof. We first check that / belongs to B so that h^jiY) is well-defined. Let {(Zj, A/'j)}^Q 
be the bounded sequence of C°° models in the definition of an adehcally bounded sequence. 
By the projection formula, we have /i(2,^Ar,)(^) = 'Jf^{Zoj^o)UiO^))- the other hand, 
it follows from the projection formula. Proposition 15.41 and the definition of an bounded 
sequence of C°° models that there is a constant C independent of i and Y such that 



< c. 



Since (^cATo) = {X,C), we get ir.h{x:c)UiiX)) - 



belongs to B. For the right-hand side of (j5.4|) . it follows from the projection formula that 

1 



Then by ()4.H) . we get the first assertion. Since 



-h, 



< C for all i and Y . Thus / 
he pre 

h{y))- 



1 



d 



h 



■d 



'^(X,C)Ui 



h{y)) 



df^ - ■ ■ d 



fi + l 



^{X,Z)ifi+l ° 



MY)) 



< 



c 



df, ■ ■ - df 



the convergence is uniform with respect to Y . 



□ 
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6. Admissible metrics 



In this section, we consider a local theory in the setting of [201 §2], and in case X = 
over C, we see its relation with Green currents in [0]. 

Let Ky be an algebraically closed valuation field, X a projective variety over Ky, and L 
a line bundle on X. Let || ■ || be a continuous and bounded metric on L. (When is 
nonarchimedean, we refer to fl^ (1-1)] for the definition of || ■ || being a continuous and 
bounded metric.) 




f--x 



if : L' 



i>df 



X is a morphism over K^, 
f*L with some integer df > 2 



sup 



log 



Moreover, for / = ifi)°Zi e UZi set 

c(/) = supc(/i) 

i>l 



G RU {+oo}. 



We define = |/ G Hi^i ^ ^if) < +^ |- Note that the property that / belongs to B 
is independent of the choice of bounded and continuous metrics || ■ ||. 

Let S : YiZi'H n«=i^ be the shift map defined by S{(Ji)'^-;) = (f^)Zv It follows 
from c{S{f)) < c(7) that S sends B to B. 

Theorem 6.1. Let X be a projective variety over an algebraically closed valuation field K„, 
and L a line bundle on X . Let || ■ || be a continuous and bounded metric on L. Then there 

is a unique way to attach to each f & B a metric \\ ■ with the following properties: 
(i) The metric \\ ■ is bounded and continuous such that 



sup 



log- 



< 2c(/); 



1^1 



(ii) ■ \\lm7) = 

Moreover, the metric \\ ■ is independent of the choice of bounded and continuous metrics 
on L. We call \\ ■ the admissible metric forf. 

Proof. We denote by Qi the bounded and continuous function 



log 



i^*f:\\-\\y 
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on X{Ky). We define the bounded and continuous metric 



on L by 



(for i>l). 



Then 



log- 



n i^^vi 



U-i "i \dsp 



-^*/*(log|l ■ llo) - log 



We then have 



log- 



i II II * a— I ^ ^ 



\a-l 



Q=l/3=1 ^^//3 

Since sup^gj^^^^^) |fl'a(a^)| < c(/) for any a > 1, it follows that 

i a— 1 



/3 M° 



(6.1) 



sup 



fp 



Q!=l i lp=i J/3 a=l 



Thus, as i tends to the infinity, X]L=i 11/3=1 yip'^pJ^^) 9^ converges to a bounded and con- 
tinuous function, which we denote by gj. We set || ■ := || ■ ||oexp(5fy). 
Let us check || ■ satisfies (i) and (n). Using one finds 



sup 

x&X{K-,) 



log — — 7r^{x) 



a=l 



This shows (i). To see (ii), we first note 



OO OL — 1 



log 



\L,S{}) 



10 



a=l 13=1 



E n ( j—^wifUi ] 9. 



Ja+l- 



Then we get 

<^t/r(iog II ■ iIl,5(7)) = <^t/r(iog II ■ llo 



\a=l 13=1 / 

\a=l/3=l ^^-^/S ^ > 



where we used gi = log 



<^i/r(log II ■ llo) - df.gi + df, [log II • ll^j - log || -110)= dj^ log 



in the last equality. This shows (ii). 
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Next we show the uniqueness. Suppose 
Then we have by (ii) 



1^ j} are metrics on L satisfying (i) and (ii). 



sup 

xex{Kv) 



log- 



(x) 



\L,f 



sup 

xGX{Kv) 



sup 



j^fJl ) log ■ 



X] 



\L,S{f) 
■ II L,S' (7) 



X] 



< 



Since c{S^{f)) < c(/), letting i to the infinity, we find || • ||£,y = || • Wlj- 

In the rest of this section, we show that || • ||^ j is independent of the choice of || • ||. Since 

the property of / e B is independent of the choice of || • ||, let us start from another bounded 

i7 — Ti" - II II" 

and continuous metric || • || to obtain || • Set c = sup^.^^^;^ ) log ■ Then 



sup 

xex{Ky) 



log- 



X) 



< sup 

xex{Ky) 



log 



\L,Siif) 



x) 



+ c 



< 2c{S'{f)) + 5c < 2c(/) + 5c 



□ 



for any i > 1. Now the above argument of uniqueness of || ■ implies || ■ = | 
This completes the proof. 

In the rest of this section, we consider a case Ky — C, X — ¥^ and L — Opjv(l). We 
endow 0^n{1) with the Fubini-Study metric || • ||i?5. 

In this case, to give f = {f,(f) & Ti. is equivalent to give homogeneous polynomials 
Fo(Xo, • • • , Xjv), . . . , Fn{Xo, ■■■ , Xjv) G C[Xo, ■ ■ ■ , X^] of degree dj such that f = (Fq : 
••• : Fjv). Indeed = ip*f*{Xk), where is regarded as an element of r(P^, Op]v(l)). 
Note that, since / : — > P-^ is a morphism, the only common zero of Fq, . . . , F^r is 
G C^_^^ _ 

Let / = if,)Zi e B. Let Fo^(Xo,--- ,Xjv),...,n(Xo,--- ,X^) G C[Xo,--- be 
homogeneous polynomials of degree dj. corresponding to /j. We put, for i > 1, 



For X = {xq, ■ ■ ■ , xn) G C^"*""^, we put |x| = -\/|,Top + ■ ■ ■ + l^jvP 
We set Go{x) = log jxp, and for i > 1 we define d : C^+^ \ {0} 



by 



Gi{x) 



1 



■log\F'o---oF^{x) 



riLi du 

Let J-j C P^(C) be the largest open set on which the family {/i, /2 o /i, /a o /2 ° /i, • • • } 
is normal, and Jj be its complement. 

Lemma 6.2. For any i > I and x = {xq, • • • , x^) G C^+^ \ {0}, we have 

|G',(x)-G',_i(x)|<|§. 
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Proof. As in the proof of Theorem l6.1l we let Qi = log 



£N+i y |Q| g^^^ ^(^^^ = (^xo : ■ ■ ■ : Xn) e P^(C), we auxiliary take k such that 7^ 0. 

We regard as an element of r(P^, Opiv(c//J). Noting that ^*f*{Xk) = we then get 



(7,(7r(x))'^A: = lo, 



log 



a; 









It follows from |(yfj(7r(x))| < c(/) that 



— log \FHx) I — log \x\ 



<c(/). 



Then we have 



— log \F\F'-' o . • . o F\x)) \ - log o • . . o F\x 



d 



fi 



Thus 



Ua=l 



i-2 



□ 



Proposition 6.3 (cf. [9j). Let X = over C, {L, \\ ■ ||) = (Cpiv(l), || • \\fs), and f eB. 

(1) As I tends to the infinity, Gi converges uniformly to a plurisubharmonic and contin- 
uous function Gj : C^+^ \ {0} R. 

(2) Let Tj be the positive closed (1, 1) current on P^(C) such that 7c*Tj = dd'^iGj), where 
TT : C^^"*^ \ {0} is the natural projection. Then Supp(Ty) = J-j. 

We call Gj the Green function for f , and Tj the Green current for f . 

Proof. Using Lemma f6.2[ one can prove (1) as in §2], and (2) as in ^ Proposition 8], 
|17| Theoreme 1.6.5]. □ 

Let II ■ II o ^(1)7 be the admissible metric for / on (9pjv(l) over P^. We define the first 
Chern current of ((9pjv(l), || ■ by 

Ci(Cp^(l), II • llo^^(i)j) := rfrf^[-log||s||0^^^^^j] +5div{.) 

for any nonzero section s of (9piv(l). It is noted in [T^, Proposition 3.3.1] that, when fi = 
f 2 = '''{= f) , the first Chern current of (9piv(l) with the admissible metric coincides with 
the Green current. The following lemma says this also holds for f E B. 

Proposition 6.4. With the notation and assumption as in Proposition \6.,% we have 

Ci(Cpiv(l), II ■ llo^^(i)j) =Tj. 
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Proof. Let Uq := {(1 : Xi : ■ ■ ■ : Xjy)} be an open set of P^(C). Since it suffices to prove 
the equality locally, we show it over Uq. (The case over f/j := {(xq : Xi : ■ ■ ■ : x^) \ Xi 0} is 
proven similarly.) We take ( coordinate of f/o. Then for 

C^+^ and 7r(x) = (1 : Xi : ■ ■ ■ : Xjv) e P^(C), we have 

2 

OO Q — 1 



log "/;;^'^'^ vr(x)) = 2 5^ n ( ^"(^(^)) 

= E rT»-i . log o • ■ • o F\x)\' - — log |F° o F"-^ o ■ ■ ■ o F^(x)|^ 

^ 11/3=1 df, V / 



{Ga-l{x) — Ga{x)) = log |xp — Gj{x). 



Taking ddf^ on both sides, we get the assertion. □ 
We remark the following lemma. 



Lemma 6.5. Let X = over C, (L, || • ||) = (Opiv(l), || ■ and f = {{f,, ip,))Zo J = 

{{fi ^'i))ZQ ^ fi = f'i ^' ^^^^ ^1 = ^7 

Proof. Let F^' = {F^' , ■ ■ ■ , F^) : C^+i ^ C^+i be the lift of /• : ^ given by ip[. 
Then F' = F' for some non-zero constant Cj G C Then 

G:(x) = — 1— log|F^'o...oFi'(x)p 

Ua=l 



— log |F' o . . . o F^(x)|2 + — log 

Ila=l Ila=l 



df.---df. df.---df., df. 



i-l 



fc=l 1 1/3=1 "/,fl 

By Proposition 16.^^ 1). we get G-f = G-fi + X^fcli i-rfc , log |cfcp (The last term converges). 
Then Proposition 16.3( 2) yields the lemma. □ 



7. EQUIDISTRIBUTION OF SMALL POINTS ON P^ 

In this section, we show equidistribution of small points on P^ for sequences of morphisms. 
Let us ffist recall some facts on analytic torsions. For the details, we refer to [T^ . 

Let (M, k) be a (i-dimensional compact Kahler manifold with the Kahler metric k. Let 
(L, h) a C°° hermitian line bundle over M. The vector space y4°''^(L®") of smooth (0, q) 
forms on M with values in L®" is equipped with the L^-metric given by 

= TW-Td I {s{x),t{^))dv [s, t e yl°'^(L^")), 

where dv is the normalized volume form on M associated with k. Let d : y4°''^(L®") 
A°''?+i(L®") be the Dolbeault operator and d* : A°''?(L®") ^ /io,<?-i(^^®n) formal adjoint 
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with respect to the L^-metric. Let := {d + d*Y be the Laplacian acting on /1°'^(L®"). 
Let cr(n^) be the spectrum of D^. We set, for s G C, 

AG<7{n^)\{0} 

The zeta function Cq,n(s) converges absolutely for Res > extends meromorphically to 
the whole plane, and is holomorphic at s = 0. Then (the twice of the logarithm) of the 
Ray-Singer analytic torsion T(L®") is defined by, e.g., [13 p. 132], 

d 

q=0 

Vojta T^, Propositon 2.7.6] proved the following theorem (see also Bismut-Vasserot [^). 
We remark that in jTH], t(-E'o-) is defined by t(_E'o-) = —T{E^). 

Theorem 7.1 ( 19J). For each q {0 < q < d), there exists a constant C such that, asn oo, 

CiM>-Cn'hgn. 
U d = 1 then T[L®^) = Cin(O)- Hence, if M is a compact Riemann surface, then 
(7.1) T(L®") > -Cn log n. 

Question 7.2. Let (M, k) be a (i-dimensional compact Kahler manifold with the Kahler 
metric k, and L a positive line bundle over M. Let h be an arbitrary C°° metric on L. (We 
do not assume Ci(L, h) is positive). Then is it true that, for any positive e, there is uq such 
that T(L®") > -en'^+^ for all n > n^l 

It follows from (j7.H) that Question 17.21 is true for d= 1. For any d > 1, Bismut-Vasserot 
showed that if ci{L,h) is positive then T{L®^) = 0{n'^logd). They also showed that 
T(L®") = 0{n'^~^^) for an arbitrary C°° metric h (j3J Theorem 11]). Question 17.21 seems 
interesting, because the validity of Question l7.2l for d = 1 is the key to prove equidistribution 
of small points on in Theorem 17.51 below. 

Before going back to sequences of morphisms, we need some results on arithmetic surfaces. 

Let be a number field, and Ok its ring of integers. Let A* be a projective arithmetic 
surface (i.e., a projective arithmetic variety of dimension 2), and C = {C, {\\ ■ ||o-}o-) a C°° 
hermitian line bundle. 

We set r = if°(A', £). Then F is a lattice ofV := H°{X, C)<S>z^- By fixing an isomorphism 
V ~ R®'''^^, we give the Lebesgue measure /i on V. Since V is the complex-conjugation- 
invariant subspace of H^{X, the metrics {|| ■ \\a}(T induces the L^-norm and sup norm 

on V. We set voli2(F) = and volsup(F) = ^^^"^ ^^^(^) = \ 

^ 1} and -Bsup(^) = {x & V \ ||x||sup < 1}- The arithmetic Euler characteristics 
XL^i^yjC) and Xsupi'^,'^) are then respectively defined by 

Xl2('^,'^^) = -logvolL2(F) and Xsup('^, '^^) = - log volsup(F). 

Theorem 7.3. Let X be a projective arithmetic surface overSpec{OK) , and C = {C, {|| ■ \\cr}cr) 
a C°° hermitian line bundle on X . Assume C is ample on X . 
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(1) //deg (c"i(£)^) > 0, then there is a constant C such that, as n ^ oo, 

(2) For any £ > 0, there exist a positive integer n and a non-zero section s G H^{X ^ ^i^n-^ 
such that 

, „ ^ . . dS(ci(£)2) 
|s||<T,sup <exp\n\e- 



2[K:Q] degiC K) 



for all embeddings a : K "-^ C 



Proof. If Ci(£ (gioj^- C) is positive for all a, then Theorem 17.31 is just a very special case 
of [ini Theorem 8, Theorem 9], [121 Chap. VIII]. Using ()7.1|) . one can prove Theorem 17.31 as 
in op. cit. For the sake of completeness, we sketch a proof here. 

(1) Let Bj. denote the unit ball in W with the Euclidean metric. We have, for large n. 



XL2(A',0 + 0(nlogn) 



z 

d^ (ci (^A(£®"),Quillen metric)) - ^(-l)"? log £^ 



q=l 

2' 



+ logvol(SrkHO(;,,^«n)) + -T(£®" ®z C) + O(nlogn) 



= i!si|M^2 + l^^^^^n c) + O(nlogn) 

^ dg(ci(£)^) 

- 2 ^ 

Here we used the L^-sup comparison due to Gromov (cf. fOl Lemma 30]) in the first 
equality, the definition of Quillen metrics (cf. fHl Chap. VIII. Lemma 1], [101 §4]) in the 
second equality, Gillet-Soule's arithmetic Riemann-Roch theorem (cf. fOl Theorem 7], fHl 
Chap. VIII]) in the third equality, and Vojta's estimate ()7.H) in the last inequality. 

(2) Let e be any positive number. Let £ be the Q-hne bundle C on X equipped with the 
metric || ■ ||'^ given by 

(72) II r II II c:-.p( 

for aA\ a : K ^ C Then 

d^ (MW) - (c.(^)^) + 2[K : Q] deg(/: K) - ^^^^ ^ ^) 

= 2[K:Q] deg(£ > 0. 

We set r„ = H'^iX, £®") and K = i^°('^, £®") ®z K. We endow K with the sup metric 
II ■ ll^^p induced by {II • ||;"},. We set Ai(rO = {||s||^„p | ^ s G F J. We also set voUp(F„) = 
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fi{B^"^(v \) ' "^here /x is a Lebesgue measure on and -Bsup(Ki) = {^^ ^ | II^^Hsup ^ !}• 
Minkowski's convex body theorem states that 

(dimK)logAi(r„) < (dimK)log2 + logvolsup(r,). 

It follows from (1) that log volsup(r„) < _£2it^fJ-J./i2 _ (^^^logn for large n. On the other 
hand, dimKi = [K : Q] {deg(£ ®Ok -^)"' + (1 ~ for large n. Hence, for any 

positive e' > 0, we find logAi(r„) < n (^e' - 2iK%]dTg(cldi,K) ^ ^^^^e n. Taking e' = e, 
we see logAi(rn) < 0. Then the assertion follows from ()7.2j) . □ 

In what follows, we fix an embedding : K C, and extend cxq to ctq : K C. 

We consider the case X = and L = Cpi(l). For i = 1,2,..., let /i : ^ be a 
surjective morphism over K of degree df. > 2. We define the morphism fic : Pj. — P^ over 
C by fic := fi Xk^o C : P^ Xk^o C P^ x^.q C. 

For / := we assume the following two conditions: 

(C-i) / is adelically bounded such that Co is ample on Xq (cf. 

(C-ii) There are isomorphisms ipi : Opi (df.) — > /jcC^pi (1) over C for z = 1, 2, . . . such that 



sup sup 

i>i zePMC) 



II ■ II-F5 



< +00, 



where || ■ ||i?s is the Fubini-Study metric on Opi(l) over Fj.. 

For example, iterations by a finite number of morphisms gi, . . . ,gk in Example 12. II satisfy 
these conditions. For / satisfying (C-i) and (C-ii), it follows from Proposition 15.51 and 
Proposition 16. 31 that one has the canonical height function /ipij : F^{K) — »• M and the Green 
current Tf on P^(C). Here, in virtue of Lemma 16.51 we use the notation Tf instead of Tj, 

where 7= ((/i,(^i))~i. _ 

Let {xj)'jLi be a sequence with Xj G F^{K). The sequence {xj)'j2^i is said to be generic if, 
for any x G F^{K), there exists jo such that xj ^ x for any j > jo- The sequence {xj)f^Y is 
called a sequence of small points with respect to hf if limj^oo hf{xj) = 0. 

For X G F\K), let G{x) := {Gal(K/K) ■ x} C P^^) be the orbit of x under the Galois 
group. For y G F^{K), let 6y denote the Dirac measure of mass 1 on P^(C) supported in y, 
where we regard y as a point of P^ (C) through the embedding : K C 

Example 7.4. We fix a G F\K) with hf{a) ^ 0. Let xj G P^(Z) be a point with fj o 
fj_i o ■ • ■ o fi{xj) = a. Since hf{xj) = ^ hf{a), x/s are distinct points such that 

\imj^oohf{xj) = 0. Thus (xj)"?^-^ is a generic sequence of small points with respect to hf. 

Now we prove the following theorem on equidistribution of small points on P^ for /. We 
remark that this theorem will also follow from Autissier jll Proposition 4.1.4 and Remarque 
in Introduction] (together with Proposition EiSJ. We also remark that Baker-Hsia proved 
equidistribution of small points on P^ for polynomial maps / over global fields satisfying the 
product formula. 
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Theorem 7.5. Let f = be a sequence of morphisms of over K satisfying (C- 

i) and (C-ii). Let {xj)'jLi a generic sequence of small points with respect to hf. Then 
#g\x,) Y.yeG(x,) converges weakly to Tf as j +00. 



Proof. We adapt the proof of [18]. It suffices to show that, for any real- valued 
function ip on P^(C), one has 



^ ^ ^' y&G{x,) 

Let {(A'j,£j)}^Q be the adelic sequence associated with / in Proposition 15.31 We remark 
that Ci is ample on Xi because the normalization fm o • ■ ■ o fnf : W\j ^ Pq^ is finite 

and £0 is assumed to be ample on Xq. For A G M, we define the hermitian Q-line bundle 
Ci{X(p) to be the Q-line bundle Ci on Xi equipped with the metrics {|| ■ \\'„}a as follows: For 
all embeddings a except for ctq (resp. (Tq and oq) if cxo is real (resp. imaginary), the metric 
II ■ 11^ is the original metric || ■ ||o- of For the embedding ctq (resp. the embeddings (Tq and 
oo), the metric || ■ ||^ is defined by 

II ■ W'ao = II ■ IUoexp(-Ay?) 

(resp. II ■ = II ■ exp{-Xif) and || ■ = || ■ \\^exp{-Xip)) . 

Claim 7.5.1. liminf /i(;t',,Z.(Avp))(3^i) > ^(A'„Z,(a^))(P^)- 

To see the claim, let e be any positive real number. Since deg(£j '^Ok = 1, it follows 
from Theorem 17.31 that there are a positive integer n and a non-zero section s G H^{Xi, Cf^) 
such that 

/ / d^(ci(A(A^))^) 
II^IUsup<exp 

for all embeddings a : K •—>■ C 

Let Kj be an extension field of K such that Xj is defined, and Okj the ring of integers 
of Kj. Let be the Zariski closure of Xj in Xi y<spec{OK) Spec(Oi^J. Let pj : Xi y<spec(OK) 
Spec(Oxj) — >■ Xi be the natural morphism. Since (a;j)°2^g is a generic sequence, we have 
2 Supp(div(p*s)) for all j 3> 1. Then, for all j ^ 1, we get 



[K, : i 




1 


i| 


[K, : i 




1 





sup 



> ^^-[K, -.KU: Q]n V))^) _ , (pi) _ 

Hence liminfj_>oo /''(;t'i,£«(A</3))(^i) — ^(x,,Ci{x>fi))i^^) ~ ^- Since e is arbitrary, we obtain the 
claim. 
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Now we compute \x,^c,^^^))i^j) and /i(A'„£,(A^))(-^)- We set r = 1 if ao is real and r = 2 
if (To is imaginary. We have 

Ar 1 

j/€G(2;j) 

We also have 
(7.4) 

V.A(A,))(P^) = ^J^d^ (^1 (A(A^))^) 

Ar /" A^r 



It follows from Claim ITITTI ((TSD and ((731) that 

Now we let i to the infinity. Since the convergence ^0,1(1),/ (a^) = linij^oo ^(^^^ Z,)(^) uniform 
with respect to x G (K) by Proposition 15.51 we have 

lim liminf h^^^^-^Jxj) = liminf lim = liminf /lo (i)j(xj) = 0. 

By Theorem 14.2^ 2) (iv) and Proposition 15. 5| we get limj^oo ^(A'i,Zi)(^^) ~ ^C'pi./(^"'^) ~ 0- 
Moreover, by Lemma (6.21 Proposition 16.41 and its proof, ci(£j ^k^q C) converges weakly to 
Tf. Hence we get 

Since A is an arbitrary real number, we find limj^oo #g[x) '^y&Gixj) fiv) ~ '^fif)- This 
completes the proof. □ 
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